
Math 564: Real analysis and measure theory
Lecture 16

Prop . If a measure space
IX
,
B
, m) is othly generated (i . e . Measu is separable) When there is a ctbl

collection of simple functions which is dense in LIX
,M) in the L-metric. In particular,

L'IX
,M) is separable
.

Examples. (a) L'IIR
,
X) is separable becase IP is 22datbl and B = B(RA).

1) I'(A*, M) , where A is monempty finite and he is a Bernoulli measure
,
is reparable become

AN is 2nd itbl and B : B(AM).

1) 1'(X)
,

fr some set X
,

is separable if and only if X is ctbl.

Indeed
,
if X is b) Ken B = P(X) is generated by the singletons.

If X is authl
.
then the family (Asxxex is discrete and worthl

,
hence

ex is not separable.

(d) For
any

Definite Borel measure m on a ind abl metric space X has a separable
LIX

, u) .

We now discuss the completeness of LIX
,M) , for which we first give a criterion

of completeness for normed rector spaces.

Ipseud
Def

. Let IV
,
1 . 11) be armoomed rector space , viewed as a metric space with metric

d (f
, g) : = /If-gll for all f

, geV. For a seriesEth of elements of V
,

we say
that it

converges in morm if there is fer such that Zepfh-fas New in corn
,
i
. e.

1lf-full ->0 as Ned
.

In this case
,
we simply write If = f.

absolvts converges if I full > & .

ME IN

Criterion for completeness . Let IV
,
11 . 11) be a psench) mormed vector space. Then V is complete



Lavery Candy sequence converges) << every absolutely convergent series converges in mom.

Proof. =>. Suppose V is complete and let to be
an absolutelyconvergent series.

But then the sequence gp := fu is Cash for Mc- N,
M

119N-9m/l = 11I full full E Elfull +O as Nta bee the taiof
n = N+ 1

aroavergent series converges to 0
.

Hence (g) has a limitf 10 fu = f.
nEI

E . Let (ful be a lauchy requence . Then we consider the series fur-ful because

it partial sums [Anxi-ful = fir-to converge iff Iful
converges .

Thes it is

enough to dow Mat this series converges absolutely , i.e. Ill Fue-fall
neNV

But this was not be true leg ,
fu := t in V=1R)

,
so we use the acceleration

trich for Cauchy requences ,
i
. e . we recall that a laschy sequence converges

if it

has a convergent subsequence , and we pass be a subsequence Ifual such last Furifuelles
all I which we can do using

the canely property) . So WLOG
,
we assume that Ifal

was like this to begin with
,
i
.
e . Ifue-full 2. Then the series [lfax-ful cover

h(/)

ges absolutely : Ellfut-full? 2"<d , house it converges in morm
,
therefore so

ht/N nEN

does the sequence (ful.

Theoreme. For
any measure space IX

,
B
, M) , the

space
LIX
,
B
, ah is complete.

Proof
.

Let Ife be an absolutely convergent series
,
i . e . Z full, &. Then g :=

Iful
hEIN

dominates "We sequence of partial sums [In and g is in L(X
,1) since

11 gl , = Jul dM Ifuldr full In particular , the functionZulful is
finite a

. e . here

the series I full) converges absolutely (i
.
e. full &) for c. exeX

,
hence converges

nEIN
a . e

.,
and let f(x): = [fu(x) m . e. Then F is measurable being the limit of partial

nEN

·ns (hence measurable functions) and If1 = /ful = Zenfl = g .

This we may now



apply DCT to the sequence EfulNew of partial sams and get that
these partial came converge of in L-metric.

Properties of integrable functions.

Chebysher's inequality. For eachfe L'(X
,9) and Xe 10

,
97

,
we have

M (4x = X : (f(x)k()) = 2 - 1lf/11
.

-

Ad

Proof. 1 Elli = JIfldMc JHdM=hdm =hd= MA,
L -

Ax SX

Cor
.

For each fel'IX
, b) , its support supply) : = (xEX : f(x) +03 is definite for M ,

i
. e.

sapp(f) =&Bu ,
whe Bu is menable and ulB

Proof . Ut Bu := (xeX : 1f(x)k th
,
net

.

Then supp(f) =VBn and MlBa) = n .All

by Chebyshev.

Recall But for
my FeL(X, M) , we have a measure M ,

(A) : = SfdM.M
X

99% boundedness. For
any fel'(X , M) and 320

,
there is a meas

.

XIX and fix is

bad and M(x(X) HdM > 2.
1

4
I

Proof
. It Xu : = (xeX : /F(x)) = n) . WLOG

, change so HK & everywhere .

X1 X

Then X = XXn so by increasing monotous converge
for Mol , we have

McMa) = M (X) < &, so MlX(Xa) + O as ne d
,
so for

large enough nEIN,

MIXIXa) > S ,
have take X := Xn

.



Def
.

Let IX
,
BI be a measurable space

and M , W be measures on (X, B) . We say last

v is absolutely continuous notM ,
and writeM ,

if every Monall set iso- wall .

Example .

For any FEL'(X, u) , the messure Mr is finite and My M become if

BEX is - will then MplB) = 3 How = P
,

The following justifies the terminology of absolutely continuous :

Prop . Letv,l be measures on a measurable space
(
,
1)

.

If o is finite
,
then

~M iff F3307530 ach that M/B)< => -(BI / 3 for all BEB
.

Proof.. Trivial becase OC2 .

=> We prove the contrapositive .

Assume J30 FicO J BrEB MlBr)< but vIB) 23.

By the first application of Bonel-Intelli lat the end of Lecture 7) applied to the collection

2 :
= \B68 : v(B)= 2)

,

andM ,
this collection admits a m-almost vanishing sequence , i . e . decreasing (Br) = 2 will

MGBu) = 0. But because v is a finite measure, decreasing monotone convergence
applies to (Bul and 0 Yielding v(ABul = limv(Bu) = 20, so 0UEIN

los (absolute continuity of integrable functions). For
any
fell

,m) , we have that for each 130 750

such that whenever MlBLG , we have SHAdS .
S

B

f

13

Remark
.

This property labs. cont. for integrable functions) also follows T

directly from 99 % boundedness (HW).


